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Nomenclature

A = spacecraft moment of inertia about a transverse axis (not
including damper mass)
C = spacecraft moment of inertia about the spin axis
T = kinetic energy
a = maximum amplitude of mass
¢ = damping constant
k = spring constant
m = mass
u, v = elastic displacements of the mass
Q) = nutation frequency
{ = damping ratio
# = nutation angle
T = time constant
w = angular velocity

Introduction

HE literature on nutation dampers for controlling the

motion of spin-stabilized spacecraft contains several papers
concerning rotor-mounted linear dampers whose motion is
essentially in a plane normal to the spin axis.'-> This type of
damper is shown conceptually in Fig. 1, but the damper could
physically be one of many possible designs, such as a canti-
lever beam or pendulum damper.

References 1 and 2 do not optimize the damper performance
(i.e., maximize the nutation decay rate), but merely perform
parametric studies. In Ref. 3 it is shown that maximizing the
nutation decay rate, with no constraints on the damper motion,
leads to the conclusion that perfectly tuning the damper results
in instantaneous reduction of the nutation angle to zero, a
physical impossibility. Reference 3 attempts to get around
this problem by including the transient motion of the damper
in the solution.

An alternate procedure is suggested by the analysis of Ref. 4
in which a despun platform-mounted damper was optimized.
In that reference, the technique used was to specify the maxi-
mum allowable amplitude of the damper as a constraint and
then to maximize the nutation decay rate, thereby obtaining a
reasonable solution. The same procedure is used in this Note.

Analysis

The method of analysis of the system used herein is the
“energy-sink” method, in which the basic, unperturbed (by
the damper, that is) motion of the spacecraft is assumed to
drive the damper. The equations of motion of the damper
are solved to determine the energy dissipation rate, which is
then compared to the kinetic energy of the spacecraft at various
nutation angles in order to estimate the rate at which the
nutational motion decays.

Most of the relevant equations necessary for this analysis
have been derived many times elsewhere and are summarized
in what follows. First of all, the free motion of a stably
nutating spacecraft is, in spacecraft fixed coordinates, is given
by

wz = (C/A)w.0 cosQz )
w, = (C/A)w.0 sinQ¢ 2
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Q=(C— A/Aw, @

[see Ref. 2, Eq. (11), with vehicle axisymmetric].

The rate at which energy dissipation in the spacecraft alters
the nutation angle can be estimated by consideration of energy
and momentum integrals of the equations of motion which
results in

6= [(C — A)/CAQ] [T76710 )

for small 8 [cf. Ref. 5, Eq. (6)] whe_re, for a linear system, the
rate of change of kinetic energy, T, is proportional to 62, so
that (776%) is independent of §. The solution to this equation
is

6 = Boe'* (6)
where the ‘“‘time constant,” 7, has the value
7= CAQ*/[(C — AXT/6%)] Q)

The energy dissipation rate brought about by a periodically
oscillating mass which is being driven by the spacecraft’s
nutation is

T = {mwQ(un? + v,2) ®

where u,, and v,, are the amplitudes of the x and y motions of
the mass. (It is assumed that there is no z motion.) Then,
Eq. (7) becomes

7= —[CA[C — A)] 0*/imwi(tn* + vn*) ®

The next step is to determine expressions for the amplitudes of
damper motion. The linearized equations of motion of the
damper mass in the x and y directions are

i+ 2lwati + wi®u — 2w,0 = —zo(w,wx + @) (10)
B+ 2Lwad + wa0 + 20,0 = — zo(w.w, — G3) 1y

where
w,? = (k/m) — w.? (12)

and where, in accordance with the energy sink assumptions,
the amplitudes of w, and w, are considered to be essentially
constant over several cycles of motion; i.e., the relatively slow
change in 0 is neglected in obtaining solutions for the damper
displacements.

e
\

Fig.1 Spinning spacecraft/nutation damper system.
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The solution to these equations will be examined for both
one-degree-of-freedom (i.e., x motion only) and two-degree-
of-freedom nutation dampers.

Thus the solution to Eq. (10), with v =0 and w: and w,
given by Egs. (1) and (2), is
[C/(C — A)]*0%z5>

2

" = eI — 1T + (L a7 3
which, substituted into Eq. (9), yields
i — (C~ A) 3A [(wn/Q)? — 177 + 2L(wa/V))? 14)
C {mw,zo?

On the other hand, the solution to the two degree-of-free-
dom set, Egs. (10) and (11), can be obtained by standard
methods, and is

2[CHC — A)]*0%z,>

T @/ —{(C+ HAC — D + QL wdQ)?
(15)

Un” + O’

which leads to

T2 =

. (C — A) 3A[(w,,/Q)2 — {(C+ DIC — A} + 2L w./D)*
C 2lmw,zo?
(16)

Note that the time constant for this case is not merely %
of that for the one degree-of-freedom case; the Coriolis coup-
ling now enters into the expression.

Now the difficulty pointed out in Ref. 3 is evident. The
minimum value of 7 is obtained by tuning the damper (to
eliminate the bracketed term in each expression) and by making
{ = 0 which yields r = 0! This condition also results in u,, =
vm= o0 and it is here that the energy sink characterization
breaks down (as pointed out in Ref. 3). This solution implies
that the unconstrained damper mass flies out to a very large
amplitude, almost instantaneously absorbing all of the cross-
spin kinetic energy of the spacecraft. Now, in accordance
with the energy-sink assumptions, the wildly oscillating damper
does not react back on spacecraft while the spacecraft, reduced
to zero nutation, no longer forces the damper.

However, the motion of any actual damper will be limited
by physical considerations. If this fact is used as a constraint
on the allowable damper amplitude, a logical solution can be
obtained. First, it will be assumed that there exists a maxi-
mum expected nutation angle 8, to be designed for. Further,
it is assumed that the damper will be most effective working
at its maximum amplitude in this situation. Hence, set

U =Un=2a an

for the case where 6 = 0,.. In terms of nutation angle and
maximum allowable damper amplitude g, the time constants
are given [from Eq. (9)] by the following expressions:

One-degree-of-freedom system:

_ [CAKC — A

T = male, (18)
Two-degree-of-freedom system:
— 49,2
Y (<% V() (19)

2ma*{w,

Solving Eq. (13) for the damping ratio and substituting into
Eq. (18) yields

_ —2(CANC — Al
ma*Q{CHC — DT ba7z0°Ia* — [wn/ D — 1175772

(20)

T1
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Fig.2 Nutation decay time constant vs tuning.

Similarly, substituting Eq. (15) into (19) yields
—{CANC — A)}8.*
R C 402202 wZ C+A21/2
ol —— i =y =217
mool(S5) | (5) - €5
By direct inspection of the quantities in braces in Eq. (20)
and (21), it can be seen that 7, is optimized by setting

T2 =

@n

One-degree-of-freedom system:
(wa/Q) =1 (22)
and 7, is optimized by setting
Two-degrees-of-freedom system:
(w,/)? = (C+ H/IC — A4) 23

The optimum parameters for the one-degree-of-freedom are
thus

(71)ope. = —20,4(C — A)/maQz,C 4
(Lope. = —(1/D[CAC — D (Onzo/a) (25)

and for the two-degrees-of-freedom are
(72)opt. = —0,A(C — A)/maQz,C (26)

(£2)opr. = (1/DICC — HPUC — DNC + Y *(Onzola) (27)

Equations (22-27) thus give the damper parameters, w,
and ¢, for the optimum time constant. To check the validity
of these expressions, derived from energy sink considerations,
computer runs were made using the complete, although linear-
ized, equations of motion of a coupled spacecraft/two-degree-
of-freedom damper system (such as those given in Ref. 6,
specialized to substitute a single flexible mass).

Parametric studies of this sample case are summarized on
Fig. 2, which also lists the particular spacecraft and damper
parameters used. Here, the time constants obtained by using
the linearized equations of motion and by using the energy-
sink relation, Eq. (16), are plotted vs the damper’s tuning. It
can be seen that the energy-sink criterion for optimum tuning
is justified for this example.

Conclusions

Modifying the energy-sink approach to nutation damper
design by taking account of physical constraints on damper
motion does indeed permit the derivation of simple relations
for optimizing the damper parameters. The equations derived
above are thus applicable to the preliminary design of a class
of dampers used on the rotors of spin-stabilized spacecraft.
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Motion of Bubbles in a Rotating
Container
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Nomenclature

a = acceleration

cross-sectional area of bubble
coefficient of drag

D = bubble diameter

g = gravitational constant

ge = gravitational constant on the Earth
Fp = drag force

m = mass of liquid displaced by bubble
m, = inertial mass

Re = Reynolds number

v = bubble velocity

Vs = bubble volume

% = velocity component in x direction
z = velocity component in z direction
v = kinematic viscosity

pr = liquid density
Po
A

S
I

vapor density

o

(Pl - Pv)
¢ = surface tension
0 =angle

w = angular rotation

Introduction

HE basic goal is to examine the effect of the Coriolis force

on the motion of bubbles after reaching steady state in a
rotating system. The motion of bubbles, without rotation,
will be in the opposite direction of the gravity vector. How-
ever, acceleration induced by artificially rotating the tank or
due to the rotation about its own axis as it orbits the Earth,
will cause the bubbles to travel in a direction at some angle
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with respect to the gravity vector. This will increase the time
it takes a bubble to rise to the surface which may affect the
liquid level rise in a low-gravity venting condition. In addition,
the lateral motion of the bubbles away from the heated tank
walls into the center portion of a tank may play a role in
reducing thermal stratification.

Basic Equations

In writing the equations of motion for a bubble in a rotating
system, an effective force on the bubble due to Coriolis
accelerations must be considered. This, when added to the
usual buoyancy force results in a bubble trajectory which can
be significantly different from the case without rotation. The
motion of the bubble will be taken to be two dimensional in a
plane perpendicular to the axis of rotation. The geometry,
coordinate system, as well as a force balance are given in Fig. 1.

Using Newton’s second law for motion of the bubble results
in the following equations for the x and z directions:

mz=(py— p,)Valg: + 0*(R— 2)] —
$CoprAs(2? + )2 — 2mewi (1)

mx = (py— p,) Valgx + w?x] —
3CppiApX(2? + X3)'V2? + 2m.wz  (2)

For a given bubble, an expression for Cp is needed. A plot
of Cp as a function of Reynolds number is given in Fig. 2
and it can be seen that Cp is not a single valued function. For
a first approximation, the curve is broken into three distinct
regions termed the Stokes flow regime, the transition regime
and the spherical-cap regime. The transition regime describes
the ellipsoidal bubble region falling between the spherical
bubble domain and the spherical cap domain as described by
Haberman and Morton.!

With this approach, it is possible to approximate the critical
Reynolds numbers Re, and Re, where a bubble enters the
transition or spherical-cap regimes. This is done by finding
the intersection of the portion of the curve in the transition
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Fig.1 Geometry, coordinate system and force balance on the bubble.
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Fig.2 Coefficient of drag vs Reynolds number.



